There is a qualitative conjecture by Huse et al. [Phys. Rev. B 88, 014206 (2013)], and Chandran et al. [Phys. Rev. B 89,144201 (2014)]: Localization protects quantum order of groundstate even in high excited eigenstates. In this work, we show a concrete demonstration of the conjecture for symmetry-protected-topological (SPT) order by considering a simple spin model, related to an interacting Su-Schrieffer-Heeger (SSH) model. We numerically demonstrate that many-bodylocalization (MBL) clearly protects the SPT order in excited many-body eigenstates. A certain disorder leads the degeneracy of the low-lying entanglement spectrum of each excited many-body eigenstates. This fact indicates that edge mode, which is a hallmark of the SPT order, is protected by the MBL in excited many-body eigenstates. In addition, we also report the dependence of disorder types and how the MBL protected edge modes in excited many-body eigenstates fade away by a diagonal type disorder.
Introduction.-Many-body-localization (MBL) is one of the most active topics in condensed matter. On the theory side, beyond the classical studies of the Anderson localization [1, 2] , rich physical phenomena have been expected so far [3] [4] [5] [6] [7] [8] [9] . On the experimental side, recently some coldatom experiments have claimed to capture the ergodicity breaking dynamics of the MBL [10] [11] [12] [13] . On the other hand, topological state of matter is also one of important topics in condensed matter. Various artificial topological states of matter have been realized in recent experimental systems [14, 15] and theoretical predictions have been simulated. In this work, we study the interplay of the MBL and topological state. Recently, Huse et al. [16] and Chandran et al. [17] proposed a unique conjecture about the Anderson localization and MBL: A groundstate quantum order is protected even in excited many-body eigenstates, that is, the MBL protects the groundstate quantum order. Shortly after proposing the conjecture, Kjall et al. [18] and Pekker et al. [19] have tested the MBL induced protection of ferromagnetic Z 2 -symmetry breaking order by considering a one dimensional (1D) quantum random Ising model. Bahri et al. [20] have also considered a 1D disordered cluster spin model as a test model and confirmed the MBL induced protection of the symmetry-protected-topological phase (SPT) [21, 22] . This remarkable result indicates that the SPT order under the MBL could in principle exists out of equilibrium and there is no need for cooling to detect the SPT order in real experiments [17, 23] . Furthermore, recently, for the 1D disordered cluster spin model, the detailed phase diagram including co-existence of the MBL and SPT order is investigated [24] . However, there are still unclear and controversial issues: (I) Whether or not the conjecture in [16, 17] holds universally for various condensed matter models? (II) To what extent in the whole spectrum does the mechanism of the MBL protection of quantum order work? (III) How strong does the quantum order of groundstate remain in manybody excited states? In this letter, we consider a modified XXZ spin model relating to the Su-Schrieffer-Heeger (SSH) model [25] , which is one of the simple representative model exhibiting 1D non-trivial topological insulating order, corresponding to the SPT order [26] , and numerically investigate the conjecture in [16, 17] in detail.
Modified XXZ spin model and interacting SSH model.-In this work, we consider a 1D XXZ spin model with dimerized coupling: non-trivial topological phase. The non-trivial topological phase is known to be the SPT phase protected by the chiral symmetry. Even for a finite U i , the SPT phase is known to be remained [27, 28, 31, 32] , also the interacting SSH model is invariant under the chiral (sub-lattice) transformation,
. Under disordered case, since δJ 1 i and δJ 2 i disorders do not break the chiral symmetry, the SPT phase is expected to be fairly robust to them. In contrast, the disorder h i is diagonal so that the chiral symmetry is broken, then the SPT is fragile. Since the XXZ model of H XXZ inherits the topological properties of the SSH model of H SSH [34] , in this work we focus on and numerically treat the XXZ model of H XXZ .
Phenomenology: Localization protects SPT order.-In the previous works by Huse et. al [16] and Chandran et. al [17] , a quantum order of groundstate in a MBL system with weak interactions is protected in low energy excited states. The low-energy excitations above the groundstate are expected to be localized due to a disorder. Since very weak interacting (almost non-interacting) excitation particles are in Anderson localization, the excitations are suppressed to extend. As a concrete example, for 1D quantum random Ising model the groundstate is ferromagnetic. The excitation is a kink (domain wall) excitation. The excitation kinks are localized due to disorder, and therefore the ferromagnetic domains are stable. This leads a spin-glass order even in high excited eigenstates [18, 19] .
The phenomena above may apply to the model of H XXZ . For L = even clean system with J 1 ≪ J 2 and open boundary, the groundstate of the system exhibits a valence-bond-solid order in the bulk, where the singlet state is formed on J 2 i -links. The groundstate is in the SPT phase because on the left and right edge sites a free spin-1/2 degree of the freedom exists (See Fig. 1  (a) ), corresponding to zero-energy edge mode [35] . The edge modes induce fourfold degeneracy of the groundstate. Here, let us consider 2J 2 = U case and a single excitation on a single J 2 i -link. The singlet groundstate on the link excites to three triplet states. The excitation may be regarded as a triplon as in the AKLT model [17] . In low energy excited eigenstates, such triplon excitations are dominant. If we regard the triplon excitation as a quasiparticle, the quasiparticles may be localized under a finite disorder. It is expected that the localization of the quasiparticles does not affect (interact with) the edge modes, and hence the edge modes are protected by localization of the quasiparticles. This means that the SPT order of the groundstate survives even in excited eigenstates. Here, under the change of U , disorder type, and the target sector of the excited eigenstates, it is interesting how the SPT order sustains or not.
In our model of H XXZ , we show a certain typical signal of the protection of the SPT order by localization. Using the exact diagonalization [38] [39] [40] [41] , we numerically calculated the low energy spectrum of L = 14 system with open boundary, J 1 ≪ J 2 , and U = 0 in a particular disorder configuration of δJ 2 i and h i (δJ 2 = 3, δh = 0.1) [36] , where only the left edge mode appears. In the clean system, the groundstate is twofold degenerate. See Fig. 1 (b)-(c), we plot the lowest to 20-th and the 81-th to 100-th spectrum. In our system size, finite size effects do not lead a complete twofold degeneracy, we however captured nearly twofold degeneracy of the spectrum. Although, at a grace, in Fig. 1 (b) , the clustering of fourfold degeneracy seems to occur, the small splitting of twofold degeneracy (See the red and blue bars in Fig. 1 (b) ) exists. In contrast, in Fig. 1 (c), we captured a clear clustering of twofold degeneracy. Accordingly, the edge mode degeneracy is certainly protected in low energy excited states.
Entanglement spectrum and the degeneracy.-We obtained the signal of the protection of the SPT order from the spectrum degeneracy. Furthermore, we employ the entanglement spectrum (ES) to study the phenomena in detail. Consider dividing the system into two equal helves (A and B partial system). The ES {Λ In what follows, we assume that {Λ n ℓ } is ascending-ordered for ℓ. The degeneracy of the low-lying ES characterizes the SPT order, it is expected to correspond to the number of the edge mode. For an interacting SSH model in the clean limit, the ES of the groundstate has been extensively studied to characterize the SPT groundstate by the ES [27, 37] . In the clean limit, we confirmed that the SPT ground- Let us turn on disordered system. We focus on effects of δJ 2 i disorder in the low excited energy sector and therefore set the other disorders zero, δh = 0 and δJ 1 = 0. The system with periodic boundary is considered. In the calculation of the ES, we virtually cut the system into two equal halves with the system size L/2. Here, for L/2 = odd system, to obtain two equal halves it is necessary to cut one J 1 i -link and one J 2 i -link. If the system is in the SPT phase, the partial system has a single free spin-1/2 edge mode on either right or left edge site. This leads twofold degeneracy of the lowest ES [27] . On the other hand, for L/2 = even system, in obtaining two equal halves, we cut two J 2 i -links. In the SPT phase, this leads to two free spin-1/2 edge modes on both right and left edge site, corresponding to fourfold degeneracy of the lowest ES [27] . For L = 10 system with J 1 = 0.1, J 2 = 1, U = 2 and δJ 2 = 0, we first calculated the lowlying ES for many-body eigenstates from groundstate to 100-th excited state. The lowest and second lowest ES, Λ 1 and Λ 2 are plotted in Fig. 2 (a) . While Λ 1 and Λ 2 are degenerate for the groundstate, Λ 1 and Λ 2 for many other excited states are not degenerate. This indicates that the SPT order vanishes in low energy excited states. In contrast, please see the disorder case δJ 2 = 3 as shown in Fig. 2 (b) . This is the result for a particular δJ 2 i disorder distribution. Interestingly we found the proliferation of the twofold degeneracy of the ES in low energy excited eigenstates. This indicates the survival of the edge modes, that is the SPT order is protected even in low energy excited states thanks to δJ 2 i disorder. Furthermore, we also calculated L = 12 system with J 1 = 0.1, J 2 = 1, U = 2 and δJ 2 = 0. The lowest to fourth lowest ES, Λ 1 , Λ 2 Λ 3 and Λ 4 are plotted in Fig. 2 (c) . As same with Fig. 2 (a) , for the groundstate, the fourfold degeneracy from Λ 1 to Λ 4 appears, for many other excited states the fourfold degeneracy of Λ 1 , Λ 2 Λ 3 and Λ 4 does not. However, as shown in Fig. 2 (d) , we found the proliferation of the fourfold degeneracy of the ES even in low energy excited states under δJ 2 i disorder. This also indicates for L/2 = even system the survival of the edge modes, that is the SPT order is protected even in low energy excited. From these results, the ES calculation in our model clearly indicates that the δJ 2 i disorder protects the SPT order in the low energy excited eigenstates.
Next, we observe how the low-lying ES degeneracy depends on δJ 2 and the regime of excited energy density. To quantify the degree of the degeneracy of the low-lying ES, we define the degree of the tow or fourfold degeneracy of the low-lying ES, for L/2 = odd system ∆Λ 1−2 (n) ≡ Λ 2 − Λ 1 , for L/2 = even system ∆Λ 1−4 (n) ≡ 3Λ 1 − Λ 2 − Λ 3 − Λ 4 , and then we can practically define the following measure:
where N s is a number of the eigenstate in the target regime of the spectrum denoted by N E , θ(X) is the haviside function, and ǫ represents a practical numerical criteria of the degeneracy of the ES. We calculate the disorder averaged values of O 2ES and O 4ES denoted by O 2ES and O 4ES . In the disordered system, O 2ES and O 4ES can be regarded as an order parameter to characterize the SPT order in the excitation energy parameter space. Figure 3 shows various behaviors of O 2ES and O 4ES as varying δJ 2 with J 1 = 0.1, J 2 = 1, δh = 0, and δJ 1 = 0. See Fig. 3 (a) , O 2ES is of L = 10 system and we set N E to 10% excited eigenstates from the groudstate in all eigenstates. We found that for various U , O 2ES increases with the increase of δJ 2 , and interestingly O 2ES saturates up to ∼ 0.7 for large U case, which means that almost 70% excited eigenstates in the set of N E exhibit a single edge mode on the edge site. The low energy excited eigenstates is fairly ordered in the SPT order as increasing the δJ 2 . In addition, for the large δJ 2 , O 2ES of large U case tends to larger than that of small U case. The result indicates that the interaction U tends to increase the SPT order for excited eigenstates. We further calculated O 2ES with the same condition but for the middle 10% excited eigenstates in all eigenstates. Remarkably, O 2ES also increases as increasing δJ 2 though the saturate value of O 2ES is somewhat small compared to that in the low energy excited sector. Even in the middle excited eigenstates, the SPT order tends to be protected by the disorder δJ 2 . Let us turn on the result of L = 12 system size. The disorder dependent behavior of O 4ES is shown in Fig. 3 (c)-(d) . The results in Fig. 3 (c) -(d) has same tendency with Fig. 3 (a)-(b) , and therefore we expect L/2 = even system clearly exhibits the protection of the SPT order in the low and middle of the excited states. Furthermore, the calculations for the highest excited energy sector are given in the supplemental material (SM) [42] . Again there, we confirmed the protection of the SPT order.
Effects of diagonal disorder and MBL signal.-We investigated effects of δh diagonal disorder. This disor- der breaks the chiral symmetry in the system of H SSH . Hence, we expect the edge mode in the SPT order is strongly affected by this disorder and the SPT order tends to vanish with a certain strength of δh. Under this situation, it is also interesting whether or not the MBL is stable. To characterize the MBL for each excited eigenstates, we employ the average level spacing ratio r [8, 43] . In particular, we calculate r for the low and middle excited eigenstates. In the calculation of r , consider the spectrum {E i } (in ascending order). Each level spacing in {E i } is given as
, where δ (k) = E k+1 − E k , and then the value of r is obtained by averaging over disorder samples. From the value of r , we can estimate localization in the target sector of the excited eigenstates: For the MBL, r ∼ 0.386, corresponding to the Poisson random matrix ensemble. Figure. 4 (a) shows a typical δh dependence of O 2ES for L = 10 system with δJ 2 = 3, δJ 1 = 0. For the low and middle sector of the excited energy, O 2ES decreases with the increase of δh in various U . The protection of the SPT is fairly robust, almost suppressed at δh ∼ 1, comparable to J 2 energy scale. We also calculated effects of δJ 1 disorder and obtained a global phase diagram. See the SM [42] . In addition, the average level spacing ratios are plotted in Fig. 4 (b)-(c) . For a finite moderate δh (δh = 0.05, and 0.1), The values of r in the low and middle excited energy sector are fairly close to 0.386, and therefore when the eigenstates turn into the SPT order as increasing δJ 2 from zero, the MBL continues stably. In contrast, for very small δh = 0.01, r indicates less than 0.386. This comes from the fact that the level spacing ratio is difficult to capture the signal of the MBL when the high degeneracy of the entire spectrum of the model of H SSZ without h i disorder remains. However, we expect since δh = 0.05 case clearly indicates the MBL signal and therefore even for the limit δh → 0, the system with only δJ 2 disorder is in the MBL.
Conclusion.-By considering a simple modified XXZ model, we gave numerically a clear quantitative confirmation of the qualitative conjecture by Huse et al [16] , and Chandran et al [17] . We found that the MBL clearly protects the SPT order in many-body excited eigenstates. Our results indicate that the SPT order in the XXZ model possibly appears even in high temperature or out of equilibrium situation. We note that as shown in [44] , the XXZ model of H XXZ relates to the Kitaev chain. Therefore, similar result may appear even in the Kitaev chain, where majorana edge modes may be protected by the MBL.
Supplemental Material

I. Degeneracy of the ES in high excited eigenstates
In the main text, we showed the MBL induced protection of the edge mode in the low and middle excited energy sector. Here, let us show the protection behavior for in the high excited energy sector. Figure S1 shows various behaviors of O 2ES and O 4ES as varying δJ 2 with J 1 = 0.1, J 2 = 1, δh = 0, and δJ 1 = 0. We set N E to 10% excited eigenstates below the highest eigenstate in all eigenstates. See Fig. S1 (a) , O 2ES is of L = 10 system with J 1 = 0.1, J 2 = 1. As same with the low and middle excited energy sector, we found that for various U , O 2ES increases with the increase of δJ 2 . However, compared with Fig. 3 (a)-(b) in the main text, the interaction U does not enhances O 2ES for large δJ 2 . This tendency is also true for L = 12 system case as shown in Fig. S1 (b) . As a whole, although the strength of the protection of the SPT in the high excited energy sector is weaker than those of the low and middle excited energy sectors, the SPT order tends to be protected by the MBL even in the high excited energy sector. Therefore, in almost all the excitation energies, the SPT order is protected by the MBL. The behavior of O4ES in L = 12 system for the high excited energy sector. We used 10 2 disorder samples. For the calculation of O2ES , ǫ = 0.1 and for the calculation of O4ES , ǫ = 1. Error bars are small and included in the point labels.
II. δJ2 and δh disorder phase diagram
In the main text, we observed the δh disorder dependence of O 2ES with δJ 2 = 3. Here we observe effects of δJ 1 disorder by calculating a global phase diagram. We employed L = 10 system with J 1 = 0.1, J 2 = 1, U = 2, and δJ 2 = 3, set N E to 10% excited eigenstates from the groudstate in all eigenstates, and calculated O 2ES by averaging over disorder samples. The result is shown in Fig. S2 . For small δh, the δJ 1 disorder does not suppress the value of O 2ES so much. In contrast, the δh disorder more suppresses the value of O 2ES . Therefore, the MBL protection of the SPT order are fairly robust to effect of the δJ 1 disorder. It is natural because the δJ 1 disorder does not break the chiral symmetry of the system of H XXZ and therefore the SPT order is hardly affected. 
